Abstract. In this paper the Laplace transformation for solving the problem of fractional heat conduction in a two-layered slab has been applied. The different orders of Caputo derivative in the time-fractional equation governed the heat transfer in the layers are assumed. The inverse Laplace transform by using a numerical method is determined. The numerical results obtained by using of the eigenfunctions method and by numerically inverting the Laplace transform are compared.
Introduction
Classical models of the heat conduction are derived with assumption of the Fourier law of heat transfer. The heat conduction problems in multi-layered bodies based on the Fourier law is the subject of paper [1] by Haji-Sheikh and Beck. Exact solutions of these problems for multi-layered slabs, cylinders and spheres are presented by Özişik in book [2] .
A generalization of the Fourier law leads to fractional heat conduction. The fractional heat equation includes a fractional derivative with respect to space and/or time variable. The problems of fractional heat conduction are the subject of numerous works, for instance references [3] [4] [5] [6] [7] . In book [3] by Povstenko the equations obtained by generalizations of the time-nonlocal Fourier's, Fick's and Darcy's laws are discussed. The equations in Cartesian, polar, cylindrical and spherical coordinates are considered. The problems of heat conduction in a semiinfinite or an infinite composite medium consisting of two regions characterizing by different orders of the time-fractional Caputo derivative in the heat equation were studied by Povstenko in papers [4] [5] [6] [7] . The presented solutions are derived with assumption that the two considered solids are in perfect thermal contact. The heat conduction in a multi-layer slab governed by a time-fractional equation is discussed by Siedlecka and Kukla in reference [8] . The classical convective bound-ary conditions and the classical conditions describing the perfect contact of the solids were assumed. To solving the problem the eigenfunctions method was applied. Application of the Laplace transformation to solving the fractional differential equation is shown by Podlubny in the book [9] . The inverse of the Laplace transform can be determined numerically. The methods for numerical inversion of the Laplace transforms are presented in papers [10, 11] .
In this paper, a solution of the time-fractional heat conduction in a two-layered slab is presented. The physical Robin condition on the sphere surface and the perfect contact of the layers are assumed. The Laplace transformation is applied and the temperature in the slab is obtained by using a method of numerical inversion of the Laplace transforms.
Formulation of the problem
Consider a slab consisting of two layers with thermal conductivity i λ and thermal diffusivity .
i a The time-fractional differential equation of the heat conduction in the i-th layer is
where ( ) x and 1 x are coordinates specifying surfaces of the slab boundaries and an interface between the layers, respectively, i α denotes an order of the Caputo fractional derivative with respect to time t. The Caputo derivative of order α is defined by [9] ( ) (
We assume the Robin boundary conditions [3] at 0 x = and
, ,
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and the initial condition is
The Riemann-Liouville fractional derivative occurring in equations (3), (4) and (6) is defined by [9] ( ) ( ) ( ) ( )
The conditions (3), (4) (3), (4) the classical conditions of the third kind are obtained. These conditions in the theory of fractional heat transfer are also called mathematical Robin conditions [3] . In this case the condition (6) of equality of the heat fluxes at the interface assumes also a classical form. A solution of the heat conduction problem in the slab under the physical Robin boundary conditions by using the Laplace transformation is presented in Section 3 and a solution of the problem under the mathematical Robin boundary conditions applying the eigenfunctions method is shown in Section 4.
Application of the Laplace transformation
In order to solve the problem (1)- (7) we use the Laplace transformation with respect to time t which is defined by
where s is a complex parameter. The following property of the Laplace transformation of a fractional derivative will be used [4] ( )
where 0 1 α < ≤ . Applying the Laplace transformation to equation (1) and using the property (10), we obtain an ordinary differential equation in the form
The boundary conditions (3), (4) in the transform domain are
and the conditions (5), (6) assume the form
( ) ( )
The general solution of the equation (11) can be written in the form , and solving the system of four equations, we obtain the constants 11 12 21 22 , , , C C C C . After transformation, we get ( ) ( 
T s e w w P x w w P x M The Laplace transform (16) cannot be inverted analytically and that is why numerical methods for inversion must be applied. In the next section, the solution for a case of the heat conduction problem by applying the eigenfunctions method is presented and in the following section the numerical results obtained by using both methods are compared.
The method of eigenfunctions
A solution to the problem of the heat conduction in a multi-layered slab with a fractional time-derivative of the same order in each layer under the mathematical Robin boundary conditions is presented by Siedlecka and Kukla in the paper [8] . The temperature distribution in the slab by using the method of eigenfunctions has been obtained. In the case of the heat conduction in a two-layer slab, the formula for temperature in the layers can be rewritten in the following form:
T x t x t Φ x T t Φ x T t i
where ( ) ( ) ( ) 
where , E α β is the Mittag-Leffler function [12] ,
The functions , i k Ψ occurring in equation (18) 
where
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The coefficients k N occurring in equation (20) are given by ( )
where ( )
The temperature distribution in the two-layered slab is completely specified by equations (17)- (21) and (23) where the eigenvalues k γ are roots of equation (22).
Numerical examples
The Laplace transform of the temperature distribution in a two-layered slab for different models of the fractional heat conduction is given by equation (16). The inverse Laplace transform will be obtained numerically. For numerical inversion of the Laplace transforms a method will be applied which used the following formula [10] ( ) ( )
where ( ) ( ) ( ) 0 2 log 2 log 2 1 
α =
The remaining data are the same as those presented above. The curves in Figure 1 show that the ratio of the fractional orders in the layers is significant to the heat conduction process in the slab.
Conclusions
The fractional heat conduction in a two-layered slab under the physical Robin boundary conditions was considered. A solution of the problem by the Laplace transformation has been obtained. The inverse of the Laplace transform was numerically determined. Good agreement shows a comparison of the numerical results obtained by numerically inverting the Laplace transform and by the method of eigenfunctions applying to the heat conduction problem in a slab under the mathematical Robin boundary conditions. Because the numerical inversion of the Laplace transform is an ill conditioned problem, an application of a testing method is required. Although the presented results referred to the fractional heat conduction in the two-layered slab, the method can be applied to the problems of the fractional heat conduction in multi-layered slabs.
